This paper deals with the classical portfolio optimization problem when the risky asset follows a Mean-Reversion process. The dynamic programming approach leads to a characterization of the value function as a classical solution of the highly nonlinear partial differential equation. An explicit solution to this equation is expressed in terms of the solution to a simpler one-dimensional linear partial differential equation. It is shown that this solution coincides with the value function of the control problem by a verification theorem.
Introduction
The major question in model financial mathematical is the problem of an agent who maximizes his expected utility of terminal wealth. This optimal investment model was introduced by Merton(1971) . Many authors have studied the generalizations of Merton's setting. For example, Duffie et al. (1997) and Pham(2002) . In this paper we considered a Mean-Reversion process, and characterize the value function as a classical solution of the highly nonlinear partial differential equation(PDE). We can reduce nonlinearity of this equation by employing a exponential transformation which was introduced by Musiela and Zariphopoulou(2004) .
Consider a financial market consisting of a bond and a risky asset. We assume the price of the risk-less B t ≡ 1. The risky asset S(t) is a Mean-Reversion model satisfying
where W and B are independent Brownian motions, and α, σ, φ are positive constant. Then
The investor rebalances his/her portfolio dynamically by choosing at any time s, the amounts π 0 s and π s to be invested respectively in the bond and the risky asset accounts. His/her total wealth X s = π 0 s + π s satisfies the following equation
with X t = x ∈ R. The set of admissible controls is denoted by A. The investor is assumed to have risk preferences given by an exponential utility U(x) = −e −γx , γ > 0, where γ is the risk aversion parameter. The investor's objective is to maximize his expected utility payoff. The value function of the investor is defined as
2 The HJB equation and closed form solutions of the HJB equation
The HJB equation for the value function is
. Inserting π * into the HJB equation produces the following equation
We postulate a solution of the form v(t, x, s) = −e −γx+g (t,s) . Substituting into (5) produces the following equation for g 
where
(T − t). Combing this last result, we obtain Theorem 2.1 A solution to the HJB equation (4) is
where f i (t), i = 1, 2, 3, are defined as above.
3 Solution of the portfolio optimization problem
) is a negative function such that the family of random variables {ϕ(τ, X π * τ , S τ )} is uniformly integrable, where π * is an admissible control with the property L π ϕ = 0 and t ≤ τ ≤ T is a stopping time for the process (X
, then
Theorem 3.4 Assume that there exists two positive constants ε and δ such that
16(1+ )γ 2 δ + 4f
Then the value function is V (t, x, s) = −exp (−γx + f 0 (t) + f 1 (t)lns + f 2 (t)(lns) 2 ), where f i (t), i = 1, 2, 3, are given in theorem 2.1. Moreover, the optimal investment strategy is
Proof We must show that V (t, x, s) = v(t, x, s) . From the first order condition we easily see that π * satisfies L π * v = 0. Then the wealth dynamics for the control π * is
.
Let > 0 and t ≤ τ ≤ T be a stopping time. By Cauchy-Schwartz inequality we have
We shall estimate separately the two expectations on the right-hand side. The latter becomes
where c are some positive constant (which may change from line to line). We continue with showing that the first expectation on the right-hand side in (12) is finite. By the Cauchy-Schwartz inequality
Considering the first integral, we estimate by Young's inequality −α 1 (u)lnS u ≤ c + δ(lnS u ) 2 where δ > 0 is arbitrary small constant, and c depends on δ and the ) < α 2(σ 2 + φ 2 )(T − t) Condition (9)-(10) ensure this.
We conclude that v(τ, X * τ , S τ ) is in L 1+ (P ) uniformly with respect to all stopping times t ≤ τ ≤ T , and thus the family {v(τ, X * τ , S τ )} τ is uniformly integrable. From Propositions 3.1 and 3.2 the theorem holds.
